In this paper, based on the discussion on what the real state of a coin at each point should be, we propose two basic assumptions. Then we point out the mathematical foundations that these two assumptions rely on and the familiar physical principles which these two assumptions, respectively, correspond to. These two assumptions, as required, do not seek help from the well-known formulation of quantum mechanics. They are self-consistent in a new presentation. Based on two basic assumptions, we derive the real state in a simple way and claim that the real state equals the quantum state totally after comparison from different aspects. We thus prove that the quantum state is the ontological object which obeys the redefinition of the reality rather than just a vague concept in quantum theory. We also consider the way in which Born's rule arises naturally.
Introduction
Quantum mechanics is one of the most successful theories in theoretical physics. Its mathematical formulism perfectly accords with the results of experiments. It has been effectively reconciled with many other areas and some new theories have been created, such as quantum field theory and quantum statistical mechanics. However, concepts in quantum mechanics are so counterintuitive that some physicists feel that they are unsatisfactory. For instance, the quantum state, which plays a crucial role in quantum mechanics, takes a departure from any concepts in classical theories such as classical mechanics and classical probability theory. As is well known, quantum states formulating quantum particles follow the superposition principle, and their deterministic evolution is described exactly by the Schrödinger equation. But when considering
measurements, such a description is invalid. We can only calculate probabilities by Born's rule, in which P equals |ψ| 2 . Starting from the strange properties of quantum theory, Einstein et al. [1] wrote a paper in which quantum entanglement is implied and which shows that quantum mechanics violates the local realism. Furthermore, some physicists, such as Bell [2] and Leggett & Garg [3] , pointed out the inequalities describing quantitatively how quantum mechanics violates classical cases. Hitherto, some amazing experiments [4] [5] [6] have confirmed the violation of the local realism. We thus have to give up some classical concepts. This puzzlement leads to the measurement problem. Fifteen years ago, a model called quantum decoherence [7] was developed with the aim of explaining experiments and solving the measurement problem. Hence we have two approaches to describe the behaviours of quantum particles.
There is an obvious distinction between deterministic quantum theory and quantum decoherence. In deterministic quantum theory, the evolution of quantum particles is timereversible and determined solely by the quantum state; on the contrary, the evolution of quantum particles is time-irreversible and influenced by environmental variables in quantum decoherence. This raises the question of what quantum particles actually do in the process of measurements. To answer this question, it is necessary to clarify the inherent character of the quantum state. To achieve this, there have been several interpretations. They can almost be divided into two types. One type of interpretation claims that the quantum state is completely real, and, furthermore, it introduces some strange concepts such as many-world branches [8] and the coarse-graining procedure [9, 10] to eliminate the measurement problem. The other type of interpretation claims that the quantum state is not completely real and is a kind of statistical ensemble [11] or an emergent property of hidden ontological states [12, 13] . Each interpretation has its own reasons for insisting its ideas are correct and attempts to prove this using evidence from other areas. But none of the interesting concepts have been confirmed and none is well recognized. This creates a dilemma for research into quantum foundations. If we recognize that the formulism based on state vectors in Hilbert space is complete, it is difficult to reconcile this with the process of measurements without the introduction of unconfirmed concepts; if we attempt to modify the basis of quantum mechanics, it is hard to explain why former theory predicts the results so accurately.
Faced with this dilemma, we have to find another way to investigate it. Fortunately, research in 2012 [14, 15] on the reality of the quantum state shed light on the problem. These papers concluded that the quantum state is completely real with strict proofs. Though some debate still exists, it is worth choosing the reality of the quantum state as a starting point. As mentioned above, new unconfirmed concepts will not be welcome. Along with the old way, we cannot remove the perplexities, so we need to go back to the quantum state itself. In quantum mechanics, the quantum particle is represented by the quantum state and is the research object. In previous interpretations, the quantum particle is regarded as either the ontological one or the statistical one. Both opinions lack further support. Now we do not take the conclusion that the quantum state is real for granted, even if it has been proven strictly. We are eager to clarify how the quantum state comes into being.
Based on the preceding reasons, in this paper, we attempt to derive the reality of the quantum state in a special way. First, we discuss the true meaning of reality in the objective world, and propose two basic assumptions implied in the discussion. Furthermore, we express the mathematical foundations that these assumptions refer to and point out which physical principles or experimental facts these assumptions correspond to. The second step is to give a direct derivation of the real state in the spirit of our assumptions. Comparing the real state with the quantum state, we find that there are no differences between them. This is the sufficient condition which shows the complete reality of the quantum state in the new presentation and represents a reconstruction of the quantum state. Finally, we show how Born's rule emerges automatically in our expression. This is the outline of our strategy. We hope to reveal where the reality in quantum mechanics comes on the grounds that our assumptions are self-consistent in mathematics and logics and are original enough. We can reduce the quantum state newly by the axiomatic method.
In the following section, we describe our method.
The introduction of two basic assumptions
In classical probability theory, when we toss a coin many times, at each time the result shows 0 or 1. We can approximately acquire information about this coin based on the data. The statistical information depends on the characters of the coin, especially the location of its barycentre. A familiar argument declares that the larger the number of tosses, the more accurate the information we will acquire. But in fact no one can toss a coin an infinite number of times, so we can never learn the absolute character of a coin. In the classical case, this does not matter; after all, the coin is there. However, in the quantum world, we should not presume that anything is located. In fact, we can only learn about quantum objects through experimental data. This causes a difficulty: we presume that there exists a coin for tossing, but, through the operations, we cannot definitely deduce the whole coin. The puzzlement can be avoided when we redefine the coin.
What is the appropriate definition of a coin? The key way is to understand what is the absolute meaning of the result 0 and 1 of a coin. In the quantum case, it makes no sense to say that the absolute meaning of a coin is 0 or 1 at any one time. We should concentrate on how the 0 and 1 emerge from the statistical information arising from the tosses. It is obvious that there is nothing special when thinking about finite tosses. So it is necessary to involve infinite tosses. Consider the extreme condition firstly that we toss a coin for an infinite number of times-we can copy the coin using the whole information. And there would exist a case that the results of tossing of a coin at all times are totally opposite to those of another coin. This means that when we get 0 for a coin at one toss, the corresponding toss of another coin shows 1; and vice versa. This lasts for an infinite number of times, and we get a pair of special coins. In fact, these two coins are two sides of one real coin: 0 and 1 no longer have absolute meanings. We can transform one to the other arbitrarily. In this approach, we expand the implication of the result at each point and thus make the condition that a coin is tossed infinitely possible theoretically.
We have seen that if we want to learn the reality of a coin in the quantum case, we should discuss redefining 0 and 1. And once we have defined the meaning of a coin carrying real data of 0 and 1, we can provide the coin with the reality. In the last paragraph, we fixed the real coin through arranging data from different coins and finding a pair of special coins. However, one experimenter can only toss one coin at one time and analyse one coin in one series of experiments. It is ridiculous that, when we finish tossing the coin, we still cannot ensure which coin we are discussing. To solve the problem, it is better to go back to classical probability theory again and look for which concepts need to be modified. In traditional opinion, the set of each-time toss determines a coin. This is infeasible because, in our statement, the meaning of a coin is postdetermined. So we cannot directly obtain definite infinite-toss data. It can be deduced that the results at two neighbouring points cannot be definite simultaneously.
Owing to the above two reasons, we propose two basic assumptions on the definition of a real state. Assumption 2.1. When each pair of corresponding points on two infinite sequences take opposite values, these two infinite sequences are the same.
In this assumption, one infinite sequence means that a data series consists of the results for infinite tosses. It can be written as a 2 × ∞ matrix we can regard these two 2 × ∞ matrices as the same,
Assumption 2.2.
The values at two neighbouring points on one infinite sequence cannot be definite simultaneously.
The first assumption reduces an uncountable infinite set to a countable infinite set. Cantor's diagonal argument shows that there exists uncountable infinite points in such a proof: at each point we choose between 1 and 0, and arrange the sequences as 
Thus it is proven that the points in interval (0, 1) are uncountable infinite. However, in assumption 2.1, two sequences where at each point the values are opposite are the same. That is to say, at each point, there is a chance of changing the value freely. As a consequence, Cantor's diagonal argument is invalid and the points in (0, 1) form a countable-infinite set. In the classical view, even if a coin is tossed infinitely, only countable-infinite results are obtained. It is not sufficient to cover all aspects of a coin. Assumption 2.1 fills this gap. At a first glance of assumption 2.2, most people may regard it as an absurd one. As a matter of fact, assumption 2.2 stands because of the existence of assumption 2.1. Roughly speaking, imagine two points in the neighbourhood: one point connects with an infinite set on one side opposite to that of the other point and forms a new infinite set; now the value of this point is completely uncertain relative to the other one. This is a summarized explanation of assumption 2.2. We discuss these two assumptions in detail in the next section.
As the additional evidence from theoretical physics, relativity principle and Heisenberg's uncertainty principle correspond to assumptions 2.1 and 2.2, respectively. It should be emphasized that the relevance between assumption 2.2 and the uncertainty principle does not need the mathematical formulism of quantum mechanics. We can also replace the uncertainty principle in quantum mechanics with the uncertain relation between the time domain and the frequency domain in the communication field, or just view it as an empirical law in subatom experiments. From the point of view of the relativity principle, one cannot distinguish the motionless object from the same object moving at a constant speed. In homogeneous space and time, Lagrange's equation (d/dt)(∂L/∂v) − (∂L/∂r) = 0 is translated into (d/dt)(∂L/∂v) = 0 since the term r needs to be implicit in the equation. And the definition v = lim t→0 ( r/ t) indicates that the motion of an object is a joint behaviour referring to infinite divisions of a whole segment. Divide a length-one segment into infinite parts, one side of each part is signed as 1 and the other side is 0; the relativity principle tells us that a coin is left unchanged when it moves in the interval (0, 1). The motion of the coin is equivalent to a simultaneous flip of all infinitesimal parts of the coin. The flip should be time-independent: the length of time only has an influence on the frequency of flip, the relative status between neighbouring parts is steady.
On the other hand, we have drawn a conclusion from countless experiments that the more accurate one observable is, the fuzzier its conjugate observable is. In quantum mechanics, it
an abstract form in order not to seek help from quantum mechanics apparently. In Feynman et al.'s gedanken experiment [16] , there is a qualitative uncertainty relation between two conjugate observable x and p: x p ≈h/2. That means when x → 0, p → ∞. By this means, it is obvious that when the value at one point is fixed, its neighbourhood will not be steady any more. So this principle agrees with our second assumption without any doubt.
A derivation of the quantum state
Based on two basic assumptions, we can give an elegant derivation of the real state of a coin. Firstly, we would represent a flip by two 2 × 2 matrices ( 1 0 0 1 ) and ( 0 1 1 0 ). When they are multiplied by a 2 × ∞ matrix in which two elements on the same column are always opposite, ( 1 0 0 1 ) leaves the matrix unchanged and ( 0 1 1 0 ) exchanges two rows of the matrix as follows:
In the following derivation, we concentrate on these two matrices and manifest their impact on columns of the 2 × ∞ matrix. Through this approach the intrinsic form of the 2 × 1 vectors corresponding to the real state is formulated. As discussed in §2, assumption 2.1 avoids Cantor's diagonal argument and transforms the uncountable infinite set to the countable infinite set. Here we show that assumption 2.2, together with the help of assumption 2.1, builds a bridge between the differential and integral methods on the countable infinite set. In this formulation, the column vector) ( Furthermore, when the value of a coin at one point is definitive, the value at its neighbouring points should be totally uncertain. The reason for this is that the change of N l (N e ) is eliminated by the change of N l (N e ) if the point is a part of an infinite sequence containing its neighbouring point with definite value. Marking the infinitesimal increase by differential symbol d, we write the equality as dN l + dN e = 0 and dN l + dN e = 0.
This forces us to split the unit vector into the superposition of the upper state and the lower state. On the other hand, set the upper and lower states as the functions of x, which represent the fluctuation at each point; according to assumption 2.1, we write the relation on reconstruction of the unit vector as
It should be emphasized that the coefficients in the relation are normalized. Taking into account the underlying states in flip matrices and taking the operation on the flip matrices in common with that on the column vectors in the infinite-sequence matrix, we can obtain the same relation as above. resolved. We can thus build a new one-to-one correspondence between these underlying states,
where n * and n are the underlying states in the flip matrices and infinite-sequence matrix, respectively. And we reassign '1's and '0's to these underlying states as '1' = n * 11 n 1 + n * 12 n 2 = n * 21 n 2 + n * 22 n 1 and '0' = n * 11 n 2 + n *
This kind of one-to-one correspondence is different from that in Cantor's set theory. To some extent it takes a departure from traditional set theory.
The connection between the flips and the infinite sequences deepens our understanding of the inner connection between the differential and the integral, which complex numbers naturally arise from. In other words, together with the two assumptions, it is explicit that the unit vector representing the real state can be decomposed into two parts, which can recompose into a new unit vector. As we can see, only assumption 2.1 is added in; the flip matrices and the infinitesequence matrix are 'rigid'. The knowledge about infinity acts as the most important character in the subsequent derivation. It cooperates closely with assumption 2.2 and thus 'loses' the unit. This is an application of a kind of pseudo-Archimedean geometry and the operation-making values at two uncertain neighbouring points can be regarded as the first-order derivative of the unit state and the operation generating the unit is the integral of the 'inner state' of the unit. To some extent it is equivalent to an interesting point in complex analysis: that the coefficients of a Taylor series can be calculated by the differential method and the coefficients of a Fourier series can be calculated by the integral method.
Given a function f with length one, we divide it into two functions f 1 and f 2 and they hold the relation f = c 1 f 1 + c 2 f 2 . When only a single point itself is considered, the length of the point is conserved. This means that the derivative of the length of f is zero: (|f | 2 ) = 0. Furthermore, if we assume that |f | 2 = f 2 1 + f 2 2 , we get the relation
It is easy to see that the function f is suitable for describing the above probability transformation. Now let us define the function f . This can visualize the infinitesimal displacement in an infinite sequence when making it equal to the infinitesimal rotation of an angle. Assume f is a continuous function and
Thus we find that the function f takes the same form as the exponential function e θ . And to satisfy the previous condition, it is necessary that f is a complex exponential function,
The Taylor series of f 1 and f 2 are, respectively,
Meanwhile the operation that the flip matrix is multiplied by the infinite-sequence matrix needs to be rewritten like this This is our approach to weaken the rigidness of the unit in the flip matrices and infinite-sequence matrices. Loosening the basic units of two kinds of matrices and expanding them as Taylor series is decisive to assumption 2.2 since we can quantitatively describe the local fluctuation between neighbouring points by the differential method. Next, we will show how this method reconciles with assumption 2.1. According to assumption 2.1, when any one of the flip matrices is multiplied by a loosened unit vector in an infinite-sequence matrix, a new unit vector is reconstructed. And since the single state is combined with an infinite sequence tightly, the reconstruction of the new unit vector should use the integral method. We write two flip matrices as ( e iθ 0 0 e iθ ) and ( 0 e iθ e iθ 0
). And the column vector in an infinite-sequence matrix is written as (
) and (
Choosing θ freely to eliminate the coefficients, there are two conditions to obtain ( 1 0 ) and two conditions to obtain ( 0 1 )
There are eight candidate solutions for ψ 1 and ψ 2 : ±cos θ, ±i cos θ, ± sin θ and ±i sin θ. However, it is not adequate to express a real state by ( e iθ 0 ) and ( 0 e iθ ). We are still unable to combine two flip matrices and make the simultaneity break of values at neighbouring points clear.
To meet the requirements of assumption 2.2, set the column vectors as ( e ) and ( 0 ψ 2 ), and using neither the differential nor the integral method for two basic assumptions in agreement, we operate the combined flip matrix and the combined vector as
For the equality to always makes sense, it should be emphasized first that, when orthogonal vectors in Fourier analysis are multiplied by each other, the values remain as zero. This is a reasonable extra condition satisfying previous statements. And thus we resolve the relations between φ 1 , φ 2 , ψ 1 and ψ 2 as
That is to say, φ 1 and φ 2 are complex conjugate functions of ψ 1 and ψ 2 . We call (
) the generalized flip matrix. And the generalized column vector (
) is the real state of a coin at a given point. Ignoring the total coefficient, the real state can be written as
It is safe to announce that in fact Ψ is the two-state wave function c|0 + d|1 , cc * + dd * = 1 in quantum mechanics. ψ 1 and ψ 2 are actually relative phases of the quantum state; |e iθ | is the absolute phase. As for the generalized flip matrix (
, it conserves the unit without time [18] . In their derivation, Born's rule is a corollary and relies on developed quantum theory. It worries us that this essential rule seems not to be involved in deterministic quantum theory predictively. But in the reconstruction of the quantum state, the problem can be solved. Assumption 2.1 implies that there are two kinds of possibilities to obtain ( 1 0 ): one is the partition left and the other is one-to-one exchange from the opposite values
In our formulation, P 1 and P 2 , respectively, are equal to φ 1 ψ 1 and φ 2 ψ 2 , where
This results from the multiplication between the upper row of the generalized flip matrix and the real state. Oppositely, in the same way, we formulate the situation that a coin chooses ( 0 1 ) at one point as
Back to assumption 2.2, we cannot predetermine the value of a coin at one point. So the only way to calculate probabilities that is effective is
This method is called Born's rule for predicting the results of experiments.
Discussions
In this paper, from two basic assumptions, we derive the real state, which equals the quantum state from all aspects. This means that we derive the quantum state in a simple way and do not seek help from quantum mechanics itself. This ensures that our approach is based on selfconsistent assumptions and not just another expression of quantum mechanics. What is most important is that we build a new kind of one-to-one correspondence and thus redefine the reality of a coin or a two-state system in experiments. This one-to-one correspondence is based on pseudo-Archimedean geometry rather than ordinary uncountable infinite sets which infinite (0, 1)s rely on. And in this derivation, we show the reason why traditional probability theory does not fit in quantum mechanics. Through the discussion on which coin can be regarded as the real one, some notions in probability theory are modified. This lays the foundation for our future derivation. We point out that if the formulation involves infinity, to gain the real state of a coin at one point, it is inevitable that we need to introduce the new states hidden in the unit vectors. Our task is to discover the form of the underlying states and their correspondence to each other. In recent years, some papers have provided insights into statistical interpretation [19] , manyworlds interpretation [20] and Bohmian mechanics [21] . They revisit some implications in quantum mechanics and try to develop some new concepts for making quantum mechanics more reasonable. In this paper, we try a simple way to construct the reality fitting in quantum mechanics without the help of exact knowledge in quantum mechanics. From two basic assumptions, we clarify what the real state is and prove that the real state is actually the quantum state. So this work can be regarded as a reconstruction of the basis of quantum mechanics. On the one hand, we hope that in this approach some interpretations can be supported by new evidence that makes them clearer. On the other hand, we hope that this approach can help to find out the true implications of some interesting things in quantum mechanics, such as quantum entanglement and Bell non-locality.
The derivation in our paper is only about the two-state system. We think that it will not meet with true difficulties on the expansion to the infinite-state system. With some help from
familiar methods, such as mutually unbiased bases [22, 23] , we can achieve this. When referring to the infinite-state system, the conjugate dynamical observable q and p arise, and the equation describing the relation between them can also be derived in a simple and elegant way. This equation has been named the Schrödinger equation and is widely used for predicting the behaviours of quantum particles in deterministic conditions. As is well known, the Schrödinger equation is obtained empirically; that is to say, it starts from a heuristic idea about the quantum state. Now that we have derived the quantum state strictly, the Schrödinger equation can be derived strictly too.
An interesting question that remains is how to ultimately connect deterministic quantum theory with quantum decoherence. As some papers mention, quantum dynamical semigroups play a crucial role in the measurement process. We speculate that the effective mechanism transforming the one-to-one correspondence in our approach to some other sort is the key to solving the problem. New sorts suitable for quantum decoherence will shed light on the research in other areas such as high-energy physics. We insist that axiomatic quantum mechanics can help high-level theories, rather than be inspired by them.
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